Within the Born-Oppenheimer (BO) approximation, nuclear motions of a molecule are often envisioned to occur on an adiabatic potential energy surface (PES). However, this single PES picture should be reconsidered if a conical intersection (CI) is present, although the energy is well below the CI. The presence of the CI results in two additional terms in the nuclear Hamiltonian in the adiabatic presentation, i.e., the diagonal BO correction (DBOC) and the geometric phase (GP), which are divergent at the CI. At the same time, there are cusps in the adiabatic PESs. Thus usually it is regarded that there is numerical difficulty in a quantum dynamics calculation for treating CI in the adiabatic representation. A popular numerical method in nuclear quantum dynamics calculations is the Sinc discrete variable representation (DVR) method. We examine the numerical accuracy of the Sinc DVR method for solving the Schrödinger equation of a two dimensional model of two electronic states with a CI in both the adiabatic and diabatic representation. The results suggest that the Sinc DVR method is capable of giving reliable results in the adiabatic representation with usual density of the grid points, without special treatment of the divergence of the DBOC and the GP. The numerical uncertainty is not worse than that after the introduction of an arbitrary vector potential for accounting the GP, whose accurate form usually is not easy to obtain.
I. INTRODUCTION
Non-adiabatic couplings are ubiquitous in polyatomic molecular excited state dynamics, such as in the photodissociation, photochemsitry, and isomerization processes [1−5] . With developments of the computational methods and computer resources, more and more attention has been payed to non-adiabatic molecular dynamics involving more than one electronic states [1, 6−13] . Conical intersection (CI) is one of the important non-adiabatic interactions, where two or more potential energy surfaces (PESs) are degenerate and the nonadiabatic couplings between these states cannot be removed simply in adiabatic representation. In the vicinity of the CIs, the Born-Oppenheimer (BO) approximation breaks down and the couplings between electronic and nuclear motion become important.
The CIs of multi-electronic states play a role as "fun- * Authors to whom correspondence should be addressed. E-mail: ghguo@qust.edu.cn, zsun@dicp.ac.cn nels", which convert rapidly the extra electronic energy into nuclear motions [14, 15] . In the adiabatic picture, the presence of a CI results in two additional operators into the Hamiltonian: one is the geometric phase (GP) and the other is the diagonal BO correction (DBOC) [16−18] . The introduction of the GP explains a sign change of adiabatic electronic wave functions when it is conveyed along a closed path of nuclear configurations encircling the CI seam, which makes the electronic wave function double valued [19, 20] . Since the total wave function must be single valued, the double valued electronic wave function renders double valuedness of the nuclear wave function as well. In the adiabatic representation, the GP is associated with nuclear motion, which has important consequences in spectroscopy and dynamics for molecules influenced by the CIs, even in situations when the nuclear wave function is localized far from the region of the CI [3, 18, 20−49] . The introduced DBOC term is singular and repulsive around the CI, which accounts for the little populations of the adiabatic states in the region around the CIs.
Recently, it was found that during the photodissociation process the GP leads to an additional phase accu-mulation for fragments of the nuclear wave packet that transports around the CI to opposite sides [18, 28, 31, 50, 51] . This results in destructive interference, resulting in either spontaneously localizing the wave function or slowing down the nuclear dynamics compared with that in the case where the GP is not considered, which alters the lifetime of the dissociated state much [28, 31, 50, 51] . And, the GP shifts the spectrum of a bound state system by altering the pattern of nodes in the nuclear wave function [16, 22, 40, 43−45] . An understanding of the GP effects in a chemical reaction has developed only recently, owing mainly to a series of theoretical investigations and experiments on the hydrogenexchange H+H 2 →H 2 +H reaction and its isotopologues [26, 27, 34, 35, 46, 48, 49, 52−54] . Very recently, using the high-resolution velocity map imaging (VMI) apparatus, in combination with a newly developed stateto-state quantum wavepacket reactive scattering theory using only the reactant Jacobi coordinate including the GP, the GP effect in the H+HD→H 2 +D reaction at a collision energy of 2.77 eV was clearly identified [55] . It was found that the experimentally measured fast angular oscillations around forward scattering of some specific product ro-vibrational states only agree with the theoretical predictions with inclusion of the GP, but is out-of-phase with the theoretical predictions without inclusion of the GP. The topological argument was developed by Althorpe and coworkers [48, 49] , they explained how the GP effect was clearly observed in their work [50] .
For understanding the role of CIs in a molecular dynamics, both in diabatic and adiabatic representation, numerical quantum dynamics investigations are essential. A popular numerical method for solving Schrödinger equation is the discrete variable representation (DVR) method. The DVR method based on classical polynomial or triangular functions using Gauss quadrature exhibits exponential convergence when the PESs are smooth, since essentially it is a spectral or pesudo-spectral method. However, such a spectral or pesudo-spectral method converges slowly when there are singularities or cusps, as those arise in a molecule with CIs in adiabatic representation. Thus it is a question that if the DVR method is capable of giving accurate results when it is simply applied with usual coordinates. In the work by Guo and his co-workers, cylindrical coordinates are applied to deal with the singularities and the cusps arising in the molecular Hamiltonian with a CI in the adiabatic presentation, and the DVR method was not applied [18] .
In this work, the accuracy of the Sinc DVR method for dealing with the CI in normal coordinates both in adiabatic and diabatic representation is investigated, with and without inclusion of the GP and DBOC terms. It is found that the Sinc DVR method for solving the Schrödinger equation with the CI in diabatic representation gives exponential convergence, as expected. Although the Sinc DVR method cannot give numerical results with exponential convergence for solving the Schrödinger equation with the CI in adiabatic representation, especially for those states of energy around the CI, it does give the results with convergence of high order finite difference method. With the usual grid density of the Sinc DVR method, it is also found that the errors of the calculated vibrational energies in the adiabatic representation, which includes the GP and DBOC operators, are less than that introduced by the function forms of the vector potential (or the "mixing" angle for switching the diabatic and adiabatic representation) accounting for the GP. Since accurate function form of the mixing angle or the vector potential for a polyatomic molecule usually is unknown, in a practical calculation in adiabatic representation for accounting for the GP, an arbitrary function, which is simply capable of making the nuclear wavefunction doubleness when transported along the CI one circle, is applied. We conclude that the Sinc DVR method is accurate enough to investigate the molecular quantum dynamics with CIs in the adiabatic representation.
II. THEORY
The well-known two-dimensional (2D) Jahn-Teller model [18, 19, 31, 56] was adopted in our present work, where the CI between two interacting electronic states is simply a point. The CI model of 2D represents a special case, where adiabatic non-adiabatic couplings can be completely removed by the adiabatic-to-diabatic transformation. The diabatic Hamiltonian assumes the following form ( =1):
whereT
which is the kinetic energy operator while the potential energy operator is a 2×2 matrix. The corresponding adiabatic Hamiltonian can be written aŝ
which is obtained by a unitary adiabatic-to-diabatic transformation
where α is the mixing angle between two diabatic states,
and † denotes Hermitian conjugation. In the adiabatic representation, V ± is expressed as
with the DBOC aŝ
and the derivative couplings aŝ
In the presence of CI, although the adiabatic and diabatic representation are related by a unitary transformation, the diabatic Hamiltonian in Eq.(1) and the adiabatic Hamiltonian in Eq.(3) required different boundary conditions, i.e., single-valued vs. double-valued boundary conditions. To impose the double-valued boundary condition of the adiabatic wave function, the vector potential method proposed by Mead and Truhlar may be adopted [20] . In the method, a positiondependent phase factor e ilη(x,y) (l is an integer) is introduced into the adiabatic wave function, which makes the total wave function single valued and leads to the following Hamiltonian with a vector potential:
wherê
The form of function η(x, y) may be arbitrary, but only enforces the double-valued boundary condition of the adiabatic wave function. In practice, usually the exact solution of α(x, y) is unknown, since diabatization of the potential energy surfaces is not easy to do. A unified form of the function, which is arbitrary but capable of making the nuclear wavefunction doubleness when transported along the CI one circle for α and η, may be applied. We note that only for l as odd numbers, the GP effects are correctly included. Sometimes the adiabatic excited state can be well ignored, then often only the adiabatic ground state need to be considered. The Hamiltonian operators for the adiabatic ground state can be written aŝ
where the GP effects are included for l as odd numbers. Quite often the GP effects are completely ignored in practical calculations, then the corresponding Hamiltonian operators can be written aŝ
In the following numerical calculations, the results calculated with the above Hamiltonian, i.e., two-state diabatic, one-state and two-state adiabatic with/without the GP and the DBOC operators, are compared with each other to illustrate their roles.
In practical calculations, Hamiltonian operators in the adiabatic presentation involves divergent derivatives of η or α and the non-differentiable cusps in the PESs (V ± ), thus usually they are regarded to be difficult to deal with using modern DVR method in a simply way. On the other hand, since the exact form of the positiondependent phase factor e ilη(x,y) and the form of its resulted vector potential is unknown, is the numerical uncertainty caused by the usual DVR method in the adiabatic representation larger than that caused by the arbitrary forms of the vector potential? What is the exact convergence behaviour of the DVR method for dealing with the CI in the adiabatic representation including the GP effect? In this work, the 2D Jahn-Teller model defined in Ref. [18] is taken as the numerical example and the Sinc DVR method is used to answer these questions.
The Sinc DVR is based on a uniform grid with spacing h, x j =x 0 +(j−1)h, and basis functions are chosen to be the Sinc interpolation function S j,h (x) as [57−59] 
The grid interval between x 0 and x 1 is (N − 1)h, where N is the number of the grid points. The matrix form of first and second derivative operators on this uniform grid are given by
The Sinc functions are a set of basis functions orthogonal with unit weight function. With the first and second derivative operators given above, the Schrödinger equation can be written in matrix form directly and solved.
III. RESULTS AND DISCUSSION
We first examine the well-studied 2D Jahn-Teller model [18, 19, 31, 56] :
with In the calculations, α(x, y) and η(x, y) are chosen as the same exact form, which can be written out explicitly
Comparing the plots in the middle and right columns of FIG. 2, we see that the patterns of the eigenfunctions have been altered much with inclusion of the GP effects. There is an extra node for the ground state, but one node is missed for the first excited state. Only with inclusion of the GP effects, the calculated wave functions agree with those calculated in the "exact" di- with/without DBOC. The error in the plots is defined as Error = log 10
where
are not expected to be the exactly converged values, however, they can be taken as good references to examine the numerical convergence. The plots in FIG. 3(a) tell us that the calculations in diabatic representation using the Sinc DVR exhibit exponential convergence. However, the results in other panels converges in a much slower way, especially for the ground state. For the one-state adiabatic without the GP and the DBOC in  FIG. 3(b) and one-state adiabatic without the GP but with DBOC, the numerical convergences for state n=20 are particularly slow.
For understanding their different convergence behaviours, the eigenfunctions of n=10 and 20 for onestate adiabatic without the GP and the DBOC and one-state adiabatic with GP and DBOC are presented in FIG. 4 . It is observed that there is considerable amplitude for the wave function around the CI for n=20 of one-state adiabatic without the GP and the DBOC. Therefore, this wave function feels the cusp and divergence of the CI strongly and converges slowly. However, the wave functions for n=20 avoid the region around the CI for one-state adiabatic with GP and DBOC. The wave functions for n=10 avoid the region around the CI for one-state adiabatic both with and without GP and DBOC. Thus these three states converge faster. Anyway, from the numerical convergence shown in FIG.  3 it needs to point out that inclusion of the GP and the DBOC in the adiabatic calculations does not introduce more of the numerical difficulty for the Sinc DVR method, as compared with the calculations without the DBOC and GP.
For obtaining clearer impression of the numerical convergence of all these kinds of calculations, numerical results with many digits calculated using n x =n y =40 DOI:10.1063/1674-0068/cjcp1812275 c ⃝2019 Chinese Physical Society 
. The reference values E r n are calculated with nx=ny=100. The diabatic calculations exhibit exponential convergence and all of the other calculations exhibit slower convergence.
(black) and n x =n y =100 (blue and with states denoted by Roman numbers) are listed in Table I . The digits which are different in these two sets of calculations are in bold font. For most of the results, the convergence is better than the fifth decimal number after the decimal point.
Since the CI of model I is of low energy, most of the low lying states are influenced by the CI strongly. For a model with CI of much higher energy, one may expect that the numerical convergence for the Sinc DVR would be much better. In the following calculations, we will examine the numerical performance of the Sinc DVR for the model with ω 1 =1, ω 2 =1, a=10, ∆=0.01, c=5. The PESs in adiabatic representation are displayed in FIG. 5. It is seen that the CI now is of much higher energy. We will denote this model as model II. The Hai-mei Shi et al. 6). From FIG. 6 we see again that, with inclusion of the GP effects, the eigenfunctions have been altered. There is an extra node for the ground state, but one node is missed for the first excited state, which is the same as those in  FIG. 2 . However, now there is an additional node along the radial direction taken CI as the centre of a circle.
Similar to FIG. 3 , the convergence of typical vibrational states as a function of number of the grid points (n=n x =n y ) is displayed in FIG. 7 for different sets of calculations: (i) diabatic two-state (Eq. (1)), (ii) adiabatic two-state with even n and odd n (Eq.3), (iii) adiabatic one-state with even l and odd l /without the GP and with/without the DBOC. The error in the plots is again defined as Eq. (7), where E o n is also calculated using n x =n y =100. The plots in FIG. 7(a) tell us that the calculations in diabatic representation using the Sinc DVR exhibit exponential convergence. Interestingly, the results in other panels now converge in a similar way. This must be due to the high energy of the CI, which is inaccessible to the states studied in the plots, and thus all of them exhibit fast numerical convergence as a function of number of the grid points. Thus, in the case where the CI is of high energy, the Sinc DVR method indeed works well in the adiabatic representation, regardless including the GP and/or the DBOC or not. Anyway, we should note that only with inclusion of the GP, the eigenenergies of the adiabatic models agree with those of the diabatic two state calculations, as we see the wave functions and their energies in FIG. 6 and the results shown in Table II. Quite often, in a practical calculation, only the ground PES in adiabatic representation is known. Thus, α(x, y) and η(x, y), whose exact expressions are required for the GP and the DBOC calculations, usually are unknown. In this case, there is no unique definition Note: Numerical results with many digits calculated using nx=ny=40 (black) and nx=ny=100 (blue and with states denoted by Roman numbers). The digits in bold font are different in these two sets of calculations. Table II . The numbers in black colour are calculated with n x =n y =40 and those in blue with n x =n y =100. For the numbers in blue, the digits after the decimal point, which are the same for α ′ and α, are in bold font. As we compare the results calculated with n x =n y =40 and n x =n y =100, it is seen that the uncertainty introduced by the α ′ , which is different from exact α, is larger than the numerical error introduced by the Sinc DVR method. Therefore, we may conclude that the Sinc DVR method works well for a molecular system with CIs in a usual coordinate. Correspondingly, it is not surprising to see that the Sinc DVR method could give accurate state-to-state results for H+H 2 and H+O 2 reaction and its isotopologues in adiabatic representation including the GP and the DBOC terms [34, 35, 55, 60, 61] .
Finally, we want to emphasise that the GP influences the states of a molecular quantum system much, regardless of the energy of the CI. However, different energies of the CI, do result in different effects on the numerical convergence of the Sinc DVR method. The Sinc DVR method converges fast for the states far from the CI. For the states of energies around the CI, the best choice is to set up the "exact" diabatic representation to describe. Anyway, in the case where the diabatic representation is unavailable, the numerical uncertainty introduced by the Sinc DVR is not larger than that introduced by the arbitrary function forms of the vector potential accounting for the GP effects.
IV. CONCLUSION
In this work, we examine the numerical convergence of the Sinc DVR method for calculating vibrational eigenstates of 2D Jahn-Teller model both in diabatic and adiabatic representation. In the adiabatic representation, models both with inclusion of the GP and DBOC Hamiltonian operators and without inclusion of them were considered. At the same time, the effects of the different function forms of the mixing angle for transforming the diabatic and adiabatic representation, and the effect of the resulted vector potential for including the GP, on the eigenstates in the adiabatic representation are examined. It was found that the Sinc DVR method works well for 2D Jahn-Teller model not only in diabatic representation, but also in the adiabatic representation with inclusion of the GP and the DBOC, even there is cusp and divergent terms in the Hamiltonian operators. At the same time, different function forms of the mixing angle for transforming the diabatic and adiabatic representation, which also gives the vector potential accounting the GP and the DBOC operator, do have small influence on the eigenstate of the system, which is even larger than the numerical error introduced by the Sinc DVR method with the modest number of grid points. 
